RAPID COMMUNICATIONS

Shape of a small universe: Signatures in the cosmic microwave background
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We consider the most general parametrization of flat topologically compact universes, complementing the
work of Scannapieco, Levin and Silk to include nontrivial shapes. We find that modifications in the shape of
the fundamental domain will lead to distinct signatures in the anisotropy of the cosmic microwave radiation.
We make a preliminary assessment of the effect on three statistics: the angular power spectrum, the distribution
of identified “circles” on the surface of last scattering and the correlation function of antipodal points.
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With the dramatic improvement of cosmological observa-cale each direction in such a way as to have different
tions in the past few years, efforts are underway to preciselydentification scales in each direction by defining a maltrix
characterize the nature and structure of space-time. One
property which has generated much interest is the possibility L=diagR;,R,,R53) 2
that we live on a manifold which has a compact, nontrivial
topology[1]. A multitude of tests and observables have been . - 2 .
proposed which would allow us to pin down the topological a_m_j a new set of coorgima_teg.— L- 5 e be. US?fUI to
class of the universe we live in. Under the assumption thag'vIde this tran_sformatmn into two: one that is simply the
we live in a smooth Friedmann-Robertson-Walker universé)rOdUCt of the |dent'|ty by some o_veraII SC"?"e fa(;R)land .
with perturbations set up adiabatically in the early uniVerseanother transformation which is diagonal with unit determi-

measurements of the cosmic microwave backgroi@idB) Eﬁqn;'t;;hnesgrsr;;?gs f%?ﬁgg Cg;ejoplﬁ?fes ;?tﬁg %Vne(;::;\éﬂl__
anisotropy seem to indicate that our universe is[84t This ’ 9

. 3 .
greatly reduces the set of models one needs to look at antaI domain by a factor oR". The second transformation

simplifies the boundary conditions of the wave functions oné;duce? ?Z'SOUQIE)'E sca_le d_[(ﬁ_ertences '””‘hf_f‘ TQ"C;Z‘ZOf the fun-
needs to consider. Scannapieco, Levin and $8k have amentail domaifichanging 1t Into a paraflelipip coor-

identified complete sets of functions for each topology fordlnate invariant definition orders the eigenvalues of this sec-

the case where the identification vectors are orthogonal. ond transformatiorh;>A;>X 3 and definesr, =X,/A, and
In the context of Kaluza-Klein theories, it has recently o2=Ng/hy. . o .

been pointed out if4,5] that nonorthogonality of the iden- We now wish to c_ons[der an addmpnal .Il_nea.r transform
tification vectors will lead to interesting effects in the massthat changes the dlrgcuons of _the |dent|f|cat|9n vectors.
differences of Kaluza-Klein states. It was shown[4] that Naturally we are not '|nterested in overall rotations of all
the mass gap of the graviton will become dependent on whafectors, given _that uIt_|mate_Iy any ob_servable we construc.t
Dienes calls the shape parameter, i.e., the angle betweért?ofld ?e rqtatlonally mvalrlant. Consider a set of 3 vgctors.
identification vectors. While he considered the case of &1 Sz, Ss- Given that we wish to factor out overall rotations,
compact 2-dimensional space rather than the standande can aligrs; with &;, haves, lie on the ¢;,¢,) plane and
3-dimensional space we live in, we shall see what happens §, will have an arbitrary direction. We can define a shape
we apply such a transformation to a compactified version ofransformation matrixS, such that its three columns are the

our 3-d|men3|onal space In the case of no extra d'mens'on?nree vectorsﬁi . A convenient parametrization is the follow-
Without loss of generality let us consider the simplest

flat, nontrivial topology—the hypertorus in the classification ng-

of [6]. This will allow us to outline the formalism which can 1

be used in the general case. Consider a 3-manifold with co- CoSxy COSx;

ordinatesé=(&;,&,, &) on which any functiorf (¢;,£,,£5) S=w| 0 sina; sina,cosns | . 3

satisfies the following property: 0 0 Sin,Sina;
f(§1+2m,85,83)=F(&1,60+2m,&3) Note that the prefactory = (sinaysina,sinag) 3, ensures

_ Y that de=1. This parametrization is such that-s,

=1&1,62, 65 2m) = w2Cosy, S;-S3=w2cosr, and S,-S;=w?(cosy,coxn,

=f(£1.62.83). (1)  +sinasina,cosn;). The geometrical interpretation of this
transformation is simple: we are changing the angles of the

We can think of this manifold as tiled by cubes with sides ofcorner of our fundamental domain while preserving its
length 2r. Alternatively we can think of it as simply con- volume. We can now consider a new set of coordinates

sisting of a cube with opposite faces identified; for conve-x=SL- . The identification vectors are not orthogonal any-
nience let us call it dundamental domairWe can now res- more.
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Note that we are allowed to perform these transformations
without jeopardizing the suitability of the manifold as a cos- - 1
mological model. We start off with a locally homogeneous ~
and isotropic space-time with nontrivial identifications that .UE
are permitted. We then simply apply a linear transformation
which preserves the homogeneity and isotropy of the mani- ol Lo b bl e
fold as well as differentiability. Indeed if we consider a gen- 0.2 0-400825 0.8 1
eralization to a flat manifold ilN dimensions with analogous
topological constraints, we are allowed to perform any non- FIG. 1. The minimum traversible distance for the two families
singular linear transformation and the resulting manifold will of shape transformations that we are considering as a function of
still have the same differentiability class. Such a transformathe cosine of the angle. The solidashedl line corresponds to type
tion will be characterized in terms of rescaling parameters A(B).
andN(N—1)/2 shape parameters. Furthermore, these trans-
formations clearly cannot change the topology class of th&onsidering. We find that, indeed,,;, does vary as a func-
manifold. In the example we are considering, the topologytion of shape parameter. Although there is a slight increase
remains that of a hypertorus and the geometry remains th®r cosa<0.5, both parametrizations andB lead to a dra-
same: zero curvature. matic decrease id,;, for cosa~1.

The plane wave solutions to the Laplaces equations will The question we now wish to address is how will this be
be modified. A complete set of orthogonal solutions is givenrefelected in some of the statistics that have been proposed to
by (&) =exp(=in-& with n=2m(ny,n,,n,). This can be duantify topology from the CMB.
mapped directly onto a complete set of orthogonal solutions L&t US first foc.us on the angular power spectrum of the
on the transformed spacé:,g(i)Eexp(—ilz-i)=¢//,;(§) where CMB. Ir) a flat universe, the anisotropy in the CMBT(6)
the last equality imp”e&:l_—ls—ln. As above the wave (Wherea_is the _unit vector pointing in a given di_rection in
numbers are quantized, but the effectSfs to mix up the e Sk, is dominated by the Sachs-Wolfe term, i.e.,
guantization constraints through the shape angles. The ex-

LINELENL A TN L R HL RN LI SN AL L

Illl'llll TT

o

plicit form of the wave number for this topology is AT(8)=— %q)( 7y, 00,), (6)
lekl COtaz i ) . 3 . .
5 =n;—n,cota;+ns| cota;cotaz— sin where®(#,x) is the gravitational potentialy, is the time
& iNas of last scattering, andd, is the comoving distance
to the surface of last scattering. We will be working in
wR2k2 1 COta3 . > 02 .
5 =N, —N3— (4) Fourier space wherd(x)=Z2f(k)exp(—ik-x). Assuming
™ SiNay — ~SiNay statistical homogeneity and isotropy we have that
oRsks 1 (©* (70, ) ©* (10.K) =P(K) o Defining  am
5 N3 Sina,Sina,’ =[dOT(0)Y7,(6) we have that
In this note we wish to focus on the effect of shape. We will  (a% a,/n)=(4m)2" "> P(K)j (kd,)j e (kd,)
restrict ourselves t&R;=R,=R;=R and two simple, one k

parameter families of shape transformatiote: We fix «, Al o
=a3=7/2 and varya;=a e[0,7/2]. This essentially cor- XY em(K)Yir i (K). @)
responds to collapsing one of the identification vectors of th(T

fundamental domain on the plane defined by the other two 9eneral, for arbitrary topology the covariance matrix of
A A A A Aa thea,, will not be diagonal. The fact that there are preferred
(b) We fix s;-S,=5,-S3=S3-S;=Cc0Sa and vary (m g P
17927 9279379391 @ a

orientations in spacédefined by the identification vectgrs
e[0,7/2].

. . - will induce correlations in the,,, between different andm,

An hypothesis was put forward i8] that the minimum , . . - . )
traversable distance of the space defines the scale at whi ich deF’e”d on thg orientation of tNgm( ) ba§|s. In this
observable effects appear in statistics of the CMB such as t giter, as m[_3], we wish to look at the overall impact on a
angular power spectrum or the geometry and frequency Jptationally invariant measure of the angular power spec-
ghost images. Although our shape transformation has unffum- We shall consider

determinant, the minimum traversable distandg,f) may ¢
be greater or less than the one in the cubic domain. For the — a,|2=(4 PK)i2(kd,). (8
two families above we find that - 2¢+1 m;e [3eml™=( W)EE (K)Jiekdy). (®)
1 for cosae[0,0.5], For the infinite volume case this converges to the standard
dmin=Rw (5)  angular power spectrum.
V2(1—cosa) for cosae[0.5,1], In Fig. 2 we plot angular power spectra fer /2, /4,

and/8. We are considering a universe with an identification
and in Fig. 1 we plot this quantity for the two families we are scaleR=d, . For the cubic domain the features identified by
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FTr[d 1V i [ty rprrrorrrores T 1 17T

F [n2+n3+n3+2cosa(nyn,+nong+ngn,)1¥%(1— cose)
15 |

2d,
XA(1+ 2cos;a)1/3<?. (11

1 o AT S
. 05 _ |
j=3 G As cosa—1, more roots are possible, leading to stronger
—t o 11 lj Ll ' F I ) I 1 i 1 l I I i COrrelatIOnS between H h f f I H
+ :l Ll l LELELER ! LR R R ) l T 070 ‘ LI I LI p0|nts On t e Sur aCe 0 ast Scatte”ng.
= = There is in fact a simple way of understanding how the

number of rootgor matched structur@increases with cos.
Let us first consider transformatiolh The direction of the

-
IUNEE IAEN] lll-l‘r-lllllllll llllIIlJ
] I

E minimum traversable distance is givénith cosa>0.5) by
0.5 B+ - - - .
% 3 S;—S,. As we increase cas, we decreasé,,;, so that the
ot bl b i b d number of identified structures will be given by the integer
5 10 15 20 25 30 part of 2d, /d ;. Given that lim drin=0, there will be

! ) f:osaﬂl )
more matched structures with increasing @o&or transfor-
FIG. 2. The angular power spectrum for a selection of threemation B, the reasoning is the same except there are now
v_alues of the shape parameter for the two families of transformagree possible directionsgl—§2, §2_§3 and §3_§1_ We
tions, A andB. The anglea takes valuesr/2 (dotted, /4 (long-

‘ then have that the number of matched structures is given by
dashedl and 7/8 (solid).

the integer part of @, /dq;in-

. . ) i Let us now focus on two real space statistics that have
[3] are manifest, i.e., one finds a supression of power for 1oWeen advocated for identifying topology in the CMB: match-
€ and a set of oscillatory features out to largeChanging ing circles in the sky by7] and the correlation function of
the value ofa will shift the oscillatory features around but antipodal points of8]. In [7] Cornish, Spergel, and Stark-
can have a curious effect at the lowest multipoles: the solidyan have proposed matching the circles which arise from the
lines (corresponding tar=7/8) show an increase in pOwWer jnersection of the surface of last scattering with the identi-
due to the fact that the shape transformation can lead to0 th&sq poundaries of the fundamental domain. One way of
regeneration of small wave number modes in the integrakninking about this is to consider a given identification vector

Indeed we find this to be a general tredd]. - .
. s. One can then construct two perpendicular planes at each
All real space statistics rely, to some extent, on the rep- . . - . i
L . end and find the lines of their intersection with the sphere of
etition of patterns on the surface of last scattering. The sur-_ . L
. - T . radiusd, and center at the midpoint of the vector. For ex-
face of last scattering will intersect points in space which are mole. for a cubic domain of sizR< 2d. one expects at
identified. This leads to perfect correlations between certailﬁéagt 3 airs of circles with center on tﬁe 3 axespof identifi-
points (or pixels of a map of the CMB. The more points cation FF)’airs of circles will intersedtvith each otherif R
which are identified, the more significant a detection of to- \/Ed. d h circle will subtend 2
pology will be. We can attempt to quantify the effect of ~V2ds . and each circle will subtend an angl=m

shape by estimating how many poirits structure, such as, —_arc_sinR/Zd_*)_on the sky. For a cubic do_main only pairs of
for example, circleswill be identified for a given value of big circles will intersect. Let us now consider a fundamental

o . L= -, domain with a nontrivial shape parameter. The identification
n either of the transformations and B TW_O pointsx aﬂdxz vectors will not be orthogonal and it will be possible to have
lie 9“2 thez surface of IfaSt scattering if they saud.fyﬁ pairs of small circles that intersect. The condition is that
=|x'[*=d; and can be identified with one another if there _,  This is then a signature which could distinguish be-
exist a trio of integers, 1(;,n,,N3) such thatx’=x+n;S;  tween cubic and non-cubic domains. More generally, if one
+n,S,+n,S,. Combining these two sets of equations oneidentifies more than one pair of circles and the vectors join-
finds that a given trio of integers satisfies this condition if ing their centers are not perpendicular, then there is evidence
for nontrivial shape. Naturally one would have to distinguish
(n§+n§+n§+2nln2§l~§2+2n2n3§2-§3 it. from the hexagonal fundamental domains, where the iden-
tification vectors are at 60°.
T TP * Levin et al.in [8] have suggested that a good statistic for
+2n3n;83-51) I[81(S;X85) "<~ (9 identifying nontrivial topology is the correlation of antipodal
points on the surface of last scattering:

For example, for an orthogonal trio &f and R=2d, one R R R R
has 3 pairs of identified structures. This condition for trans-  Ca(8)=(AT(— 6)AT( 6))«2 P(k)cog2d, k- 0).
formationA is K 12

The patterns which appear will reflect the geometry of the
fundamental domains. Again one might expect that a non-
cubic domain may lead to a different signature; for example
and for transformatiom it is it has been shown if8] that a hexagonal fundamental do-

2d
(n?4+n3+n3+2n,n,cosa)/(sin a)l/3<?* (10)
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E 3 shape transformations are irrelevant. When choosing the to-
0.2 3 pology of the universéfrom the six possibilities discussed in
E 3 [3]), one must also include the 6 parameters which describe
0.1 = the geometry and scale of the fundamental domain. One can
0 £ 3 then proceed to apply the variety of statistics that have been
= 3 T E advocated. 'It.is possible, however, to inc.orporate the param-
5'0-1 = IR LA LR R A LR R B eters describing the fundamental domain into the standard
02 E B 3 likelihood methods which have been used to constrain cos-
E 3 mological parameters. The standard paramedgfsr Gauss-
0.1 e ian models should be extended to include another six param-
0 E_ _f eters R, o1, 05, @y, ay, ag) for topology.
= o Topologically nontrivial universes are no longer statisti-
-0.1 _cl) = cally isotropic. One must choose an overall orientation of the

fundamental domain. This complicates considerably the
evaluation of the likelihood function for a given topology
FIG. 3. A one-dimensional slice of the antipodal correlation Primarily because one cannot use the radical compression
function for a selection of three values of the shape parameter fomethodg9]. One must work with the full covariance matrix
the two families of transformation#\ and B. The anglea takes in real SpaceC(’é,?g), which is no longer simply a function

valuesm/2 (solid), /4 (short-dashand /8 (long-dash. of #- 6. This is a daunting computational task: not only is

main will have a very different signature than a cubic one. ALN® extending parameter space by another six factors, but

: . . e - one must also marginalize over all possible orientations in

an illustration of this statistic for nontrivial shapes we have . . .
- ) ) . space. Furthermore, what was once a one-dimensional radial

calculated Cx(¢) for the one-dimensional sliced  jntegral over wave number becomes a three-dimensional in-
=(cos¢,sing,0). We can clearly see the differences in Fig. tegral which only picks up contributions from the selected
3 where we plolCx(¢) for the two families of shape trans- yodes on the Fourier grid. If one is to correctly constrain the
formations. . properties of the fundamental domain of our universe, it is

In this paper we have taken a first look at how the shapgssential to develop novel techniques which can incorporate
of the fundamental domain of a flat, topologically nontrivial these various subtleties into likelihood methods. One should
universe might affect a few different statistics of the CMB. yoint out, however, the impressive increase in speed of the
There clearly seem to be observable signatures which wilhgorithms for performing the various steps in maximum
constrain the values of the shape parameters. We will nOWelihood estimation. Hopefully this means that the chal-
finish with a few comments. To begin with, it is clear that |enge of constraining topologically nontrivial universes will
when it is claimed that one can use the cosmic microwavge met and that it will be possible to do so with the data
background to constrain the topology of the universe, it is inynich will come from the MAP satellite.
fact meant that one is constraining certain geometric proper-
ties which arise when the universe is topologically compact. We thank R. Abrams, J. Levin and J. Silk for discussions.
For example, if the identification scales are infinite, then theP.G.F. acknowledges support from the Royal Society.
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